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We show that deliberately engineered spatially dispersive metamaterial slab can enable co-
existence and phase matching of contra-propagating ordinary fundamental and backward second
harmonic electromagnetic modes. Energy flux and phase velocity are contra-directed in backward
waves which determines extraordinary nonlinear-optical propagation processes. Frequencies, phase
and group velocities, as well as nanowavequide losses inherent to the electromagnetic modes sup-
ported by the metamaterial can be tailored to optimize nonlinear-optical conversion of frequencies
and propagation directions of the coupled waves. Such a possibility, which is of paramount impor-
tance for nonlinear photonics, is proved with numerical model of the hyperbolic metamaterial made
of carbon nanotubes standing on metal surface. Extraordinary properties of backward-wave second
harmonic in the THz and IR propagating in the reflection direction are investigated with focus on
pulsed regime.
PACS numbers: 41.20.Jb, 42.25.Bs, 42.65.Ky, 42.65.Sf, 77.84.Lf, 78.67.Ch, 78.67.Pt
I. INTRODUCTION
Metamaterials (MM) are artificially designed and en-
gineered materials, which can have properties unattain-
able in nature. MM rely on advances in nanotechnol-
ogy to build tiny metallic nanostructures smaller than
the wavelength of light. These nanostructures modify
the electromagnetic (EM) properties of MM, sometimes
creating seemingly impossible optical effects. Negative-
index MM (NIM) are most intriguing EM materials that
support backward EM waves (BEMW). Phase velocity
and energy flux (group velocity) become contra-directed
in NIM. The appearance of BEMW is commonly asso-
ciated with simultaneously negative electric permittivity
(ǫ < 0) and magnetic permeability (µ < 0) at the corre-
sponding frequencies and, consequently, to negative re-
fractive index n = −√µǫ [k2 = n2(ω/c)2]. Such counter-
intuitive backwardness of EMW is in strict contrast with
the electrodynamics of ordinary, positive-index materi-
als (PIM). It was generally accepted that the magnetiza-
tion at optical frequencies is negligible1 and, hence, did
not play any essential role. It is because natural opti-
cal emitters (atoms) are much smaller than optical wave-
lengths. Consequently, magnetic permeability µ was nor-
mally set equal to one in the basic Maxwell’s equations
describing linear and NLO processes. In the late 1960s,
V. G. Veselago considered propagation of EM in an ficti-
tious, isotropic medium with simultaneously negative di-
electric permittivity ǫ and magnetic permeability µ and
showed that it would exhibit unusual EM properties2,3.
The situation has dramatically changed with the advent
of nanotechnology. As was shown in4–11, specially shaped
metallic nanostructures can enable negative optical mag-
netism. While the physics and applications of NIM are
being explored world-wide at a rapid pace since then, cur-
rent mainstream still focuses on fabricating of nanoscopic
LC circuits shaped as split rings, horse shoe, fishnets, etc.
that ensures negative magnetic response. Size of such
mesoscopic structures (metaatoms and metamolecules)
embedded in dielectric host material is typically about
several tens to hundred nanometers. Since excitation of
electrons (plasma) localized in nanometer-scale metallic
building blocs determines the outlined extraordinary EM
properties of such MM, they are commonly referred to as
plasmonic metamaterials (PMM).
Backwardness of EM waves dictates a revision of many
concepts concerning EM propagation processes in man-
made materials. This holds the promise of revolution-
ary breakthroughs in microwave and photonic device
technologies12,13. Such breakthrough can be employed to
develop a wide variety of devices with enhanced and un-
common functions, such as enhanced photovoltaic light
collection, biosensing, perfect imaging, all-optical mem-
ories and invisibility cloaks. Nanostructured NIM are
expected to play a key role in the development of all-
optical data processing chips. Much success has already
been demonstrated at microwave frequencies. This has
led to commercially available products. However, the
situation is different in the optical regime, where the vi-
sionary applications are expected to have the highest and
most wide-ranging impact.
Nonlinear optical photonics in NIMs holds promises of
the breakthrough that essentially broaden the scope and
power of the photonic applications14. It has been shown
that opposite directions of the energy flow and phase
velocity in NIM gives rise to unique NLO propagation
processes15–17. The possibility to compensating losses
inherent to most plasmonic MM through coherent NLO
2energy exchange between ordinary and BEMW is among
the important applications18. Such losses present a se-
vere formidable obstacle towards applications of NIMs.
A review and corresponding references, including experi-
mental realization, can be found in19–23. Creation of the
MM that would enable co-existence of ordinary and BE-
MWs at the particular frequencies, their phase matching
and strong NLO response is of paramount importance,
while presents a great challenge.
This paper is to study a novel paradigm for BW pho-
tonics that does not rely on optical magnetism24–26. At
that, it enables co-existence and phase matching of ordi-
nary and backward EMWs through the alternative ap-
proach based on tailored variable quasi-hyperbolic dis-
persion. Such a possibility and its general implementa-
tion principles are demonstrated with numerical simula-
tions for the particular example applicable to SHG in the
THz and mid IR frequency ranges. It is shown that SHG
in the proposed NIM exhibits exotic properties, especially
in the pulse regime, that can be employed for unparallel
applications to photonics and device technologies. Con-
sideration of particular technique for engineering of χ(2)
nonlinearity is beyond the scope of this work.
The basic idea is as follows. The limitations associated
with characterization of NIM by negative ǫ and µ and the
possibility of more general approach based on spatial in-
homogeneity of dielectric properties of materials at the
nanoscale were described in Refs.27,28. The latter give
rise to dispersion of the electromagnetic response of the
medium to perturbations of frequency ω and wave vec-
tor k. The presence of the spatial dispersion signifies a
nonlocal dielectric response. It is manifested by the de-
pendence of the generalized dielectric tensor ǫij(ω,k) on
the wavevector k and may lead to difference in signs of
phase and group velocities. In a loss-free medium, en-
ergy flux S and directed along group velocity vg which
may become directed against the wavevector depending
on the direction of the group velocity:
S = vgU, vg = gradkω(k), (1)
where U is energy density. Hence, the metamaterial sup-
ports BEMW modes if dielectric properties and spatial
dispersion of its structural elements lead to such relation-
ship between the allowed frequencies and corresponding
wavenumbers of polaritons that ∂ω/∂k < 0. The lat-
ter is referred to as negative dispersion of the medium
electric response. The possibility to craft MM that can
support BEMWs was shown in 200129. In 2003 the au-
thors of30 noticed the potential of MM with a hyperbolic-
type dispersion for subwavelength imaging of objects at
electrically large distances. The concept of such imaging
was first introduced in31. The hyperbolic-type disper-
sion is inherent to uniaxial materials in which the axial
and tangential components of the permittivity and (or)
permeability tensors have different signs. Such media
are referred to as indefinite MM30. The hyperbolic-
type (or a conic-type in a 3D case) dispersion results
in a possibility to design a “hyperlens”, where evanes-
cent near fields are transformed into propagating modes
and can be transported at electrically long distances32,33.
Thus, for a transfer of image with subwavelength reso-
lution media, characterized by the permittivity tensors
with negative signs of all components are not necessary.
For waves of only one linear polarization (TM-polarized
waves with respect to the optical axis), that allows to
realize a layer of an indefinite dielectric MM34, whose
permeability is unity and only components of the permit-
tivity tensor have different signs. For the visible range,
such a MM was designed in34,35 as an array of paral-
lel plasmonic (metal) nanowires. Appearance of BEMW
modes in the particular case of layered structures has
been shown in Ref.36,37. It was shown that nonlinear di-
electrics add tunability to the optical response of layered
hyperbolic metamaterials38,39. The possibility to achieve
phase matching in such structures was recently reported
in Ref.40.
Obviously, many other options should have
existed41,42. Each of them leaves open questions,
both fundamental and specific for each potential ma-
terial and for its particular applications. Among them
are losses imposed by metal component which are
different for different nanowaveguide modes. In such a
context, we elaborate here a particular realization of
the paradigm proposed in Ref.24–26 and the underlaying
physical principles. Based on the outlined principles,
we show the possibilities of engineering of nonmagnetic
metamaterial, which supports a set of modes with
negative and sign-changing dispersion and enables the
coexistence of both of BEMW and ordinary modes
that satisfy to phase matching required for second
harmonic generation. Losses at the corresponding
frequencies are calculated and extraordinary properties
of BWSHG in such metaslab are investigated in the
most important case of pulsed regime. The results
prove new avenue in engineering of nonlinear photonic
metamaterials and ultra-miniature BW NLO photonic
devices, such as frequency upconverting all-optically
controlled metareflector with unparalleled functional
properties.
II. BACKWARD ELECTROMAGNETIC WAVES
IN A METAMATERIAL SLAB MADE OF
CARBON NANOTUBES
As shown in Ref.43, EM waves in arrays of metallic
carbon nanotubes (CNTs) posses a hyperbolic dispersion
and reasonably low losses in the THz and mid-IR ranges.
The study was based on the impedance cylinder model
and effective boundary conditions, applied to individual
CNTs, and Green’s function which takes into account
EM interaction between CNTs. Simple effective medium
model also was proposed for arrays of CNTs44.
Below, we show the hyperbolic-type dispersion en-
ables co-existence of both forward and backward waves
in finite-thickness slabs of vertically standing CNTs and
3discuss benefits offered by these structures for nonlin-
ear applications. It is proved that high-loss and narrow-
band resonant structures, like split-ring resonators, ex-
hibiting negative ǫ and µ are not required for re-
alization of backward wave regime. Proposed two-
dimensional periodic arrays of carbon nanotubes are fab-
ricated by many research groups. Such CNT arrays form
finite-thickness slabs, which are used already as field
emitters45, biosensors46 and antennas47,48. We assume
that all nanotubes possess metallic properties.
A. Impedance cylinder model of an individual
carbon nanotube
As an example, single-wall zigzag CNTs will be consid-
ered that possess metallic properties. As a model of the
individual metallic zigzag nanotube an impedance cylin-
der will be used, which characterizes by complex dynamic
conductivity and effective boundary conditions49. Ac-
cording to this model, a simple approximate expression
for the complex surface conductivity can be employed
which is valid for metallic zigzag CNTs at frequencies
below optical transitions:
σzz ∼= i[2
√
3e2Γ0]/[3qπ~
2(ω + i2πν)]. (2)
Here e is electron charge, Γ0 = 2.7 eV is the overlapping
integral, τ = 1/ν is the relaxation time, ~ is reduced
Planck constant. The radius of metallic zigzag CNT r
is determined by an integer q as r = 3
√
3qb/2π, where
b = 0.142nm is the interatomic distance in graphene.
Since the wall of a single-wall CNT is a monoatomic sheet
of carbon, Eq. (2) can be considered as the surface con-
ductivity of the carbon nanotube. Simple formulas for
the surface conductivity, like (2), were used by authors
of many publications on EM properties of CNTs50–55.
The surface impedance per unit length is
zi =
1
2πrσzz
=
√
3q~2ν
4e2Γ0r
− iω
√
3q~2
4e2Γ0r
= R0 − iωL0. (3)
Here, R0 and L0 have meaning and magnitudes on the or-
der of quantum resistance and kinetic inductance, respec-
tively which are defined in the framework of the trans-
mission line model for metallic CNTs52,53.
B. Eigenwaves in metamaterials made of infinitely
long CNTs and in finite-thickness slabs of carbon
nanotubes
Finite-thickness slab of CNTs, embedded into a host
matrix with the relative permittivity ǫh, is shown in
Fig. 1. It forms two-dimensional periodic structure in
the xy-plane with the square lattice (for simplicity) and
the lattice constant d. The radius of the CNT r and
the lattice constant d are taken to be r = 0.82 nm and
FIG. 1. Geometry of free-standing CNTs.
d = 15nm, respectively. For the eigenwaves propagat-
ing in the arrays of infinitely long carbon nanotubes,
space-time dependence of fields and currents is taken
as exp [−i(ωt− kxx− kzz)]. The approximation used in
the following consideration is adopted from43. The sur-
face conductivity for thin CNTs is highly anisotropic;
namely, the axial component of the conductivity tensor
σzz is much larger than its azimuthal component due to
quantum effects49. For this reason one can neglect by
the azimuthal current on a CNT surface compared with
the axial current. As a consequence, one can also ne-
glect z-component of the magnetic field and as a result,
Maxwell’s equations are split into two subsystems de-
scribing the TM and TE waves. The following consider-
ation will relate to TM-modes, whose electric field lies in
the xz-plane because fields of TE-modes do not interact
with thin CNTs. The effective medium model44,56 will
be employed. In the framework of the effective medium
model, the CNT array can be considered as a uniaxial
material with the relative permittivity dyadic
ǫ = ǫzzz0z0 + ǫh(x0x0 + y0y0). (4)
Transverse components of the diagonal permittivity ten-
sor are equal to ǫh since carbon nanotubes do not affect
the electric field vector, orthogonal to them due to very
small thickness and very low azimuthal conductivity of
CNTs. As shown in44,
ǫzz
ǫh
= 1− k
2
p
k2 + iξk
, k2p =
µ0
d2Lcnt
, (5)
where k is the wavenumber in free space, kp is the effec-
tive plasma wavenumber, and Lcnt is the effective induc-
tance per unit length which includes the kinetic induc-
tance R0 and the electromagnetic inductance which can
be neglected compared to the kinetic one, so Lcnt ≃ L052;
µ0 is the permeability of vacuum and the parameter
ξ =
√
ǫ0µ0(R0/Lcnt), where ǫ0 is the permittivity of vac-
uum, is responsible for losses. Thus the material be-
haves as a uniaxial free-electron plasma, where electrons
can move only along z-direction. Apparently, this corre-
sponds to an indefinite medium at frequencies below the
plasma frequency, because the permittivity in the direc-
tions orthogonal to the tubes equals to ǫh. Dispersion
equation for waves propagating in a uniaxial crystal is1
4ǫhk
2
⊥
= ǫzz(k
2 − k2z), (6)
where k2
⊥
= k2x + k
2
y. Substituting (5) into Eq. (6) one
obtains:
k2z = k
2ǫh − k2⊥
k2 + ikξ
k2 − k2p + ikξ
. (7)
It describes a typical conic-type dispersion. This cone
is similar to the surface derived for the numerical model
which accounts for periodicity of the CNT array (e.g.,
Fig. 3 from43). Applicability of the effective medium
model was verified by comparing with the results of
the electrodynamic model43. An excellent agreement
with more accurate theory occurs within a wide range
of transversal wave numbers, at least for |k⊥| < 1000 k,
in the mid-IR range for d = 15nm57.
C. Waveguide properties of finite-thickness slabs of
carbon nanotubes
The following is to show that backward waves can
propagate in the arrays of vertically standing CNTs.
First, for simplicity consider CNTs placed between per-
fect electric conductor (PEC) and perfect magnetic con-
ductor (PMC) planes, where the PMC boundary models
the open-ended interface with free space. Assuming that
waves propagate in the x-direction, i.e. k⊥ = kx, the re-
lation between the transversal wave vector component kx
and the wavenumber in free space follows from Eq. (7):
k2x =
[
1− k
2
p
k2 + ikξ
]
(k2ǫh − k2z), (8)
where kz = mπ/(2h), m is the integer determining a
number of field variations along CNTs (the transverse
resonant condition). Assuming ξ = 0, one can read-
ily show that the derivative dk2x/dk
2 < 0, if kz/k > 1
and kp/k > 1. Thus, in this regime the finite-thickness
slab supports propagation of backward waves, because the
group velocity is in the opposite direction to phase veloc-
ity. This property can be understood also from consider-
ing a planar waveguide filled with a CNT array (the array
axis is orthogonal to the walls of the waveguide). The
propagation constant of the TM mode along the waveg-
uide is equal to
kx =
√
(ǫzz/ǫh) [k2 − (mπ/2h)2], (9)
where m is a positive integer and h is the height of the
waveguide58. If ǫzz < 0, backward-wave propagation is
allowed when k < mπ/2h and forbidden for k > mπ/2h.
Figure 2 illustrates dispersion of this idealized struc-
ture. Here, all TM modes are backward waves;
ω < ωp = kpc; the plasma frequency ωp/2π is cal-
culated to equal 58.7 THz.
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FIG. 2. Dispersion of three lowest modes.
Waveguide field components read as
Ex(x, z) = Am sin kzz
Ez(x, z) = Am(kxǫh/kzǫzz) cos kzz
Hy(x, z) = −(Am/Z) cos kzz
 exp (ikxx). (10)
where Am is the amplitude of the m-th mode and
Z = −Ex/Hy = ηkz/kǫh (11)
is the transverse wave impedance for the TM waves. Here
η is the wave impedance of vacuum. The spectrum of
TE modes is the same as in a parallel-plane waveguide,
filled with the dielectric with permittivity ǫh; CNTs do
not affect the TE modes propagation. All TE modes
are forward ones and are not interesting for our pur-
poses. Compared to optical MM made of resonant el-
ements like split-ring resonators, dramatically increased
bandwidth of backward-wave propagation is seen that
gives the ground to consider CNT arrays as a perfect
backward-wave metamaterial.
Then consider a more realistic structure, namely,
CNTs with open ends, adjoining with a half-space, filled
in with a dielectric, characterized with the relative per-
mittivity ǫs, as shown in Fig. 1. In the framework of
the effective medium theory the 2 × 2 transfer matrix
method59 can be used analyzing this structure. The
transfer matrix components Mmn for the layer of carbon
nanotubes have the form:
M11 = M22 = cos kzh, M12 = −iZ sin kzh,
M21 = −i(sinkzh)/Z, (12)
where Z is defined by formula (11). The transfer ma-
trix (12) allows recalculation of tangential components
of the electric and magnetic fields from the plane z = 0
to z = h. In contrast to the case of the plane plate waveg-
uide bounded by PEC and PMC planes, kz is not fixed
and depends on the waveguide propagation constant kx
according to Eq. (7). The transfer matrix method allows
easy calculations for any problems related to multilayered
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FIG. 3. Dispersion of two lowest eigenmodes in the slab of
standing CNTs with open ends and ǫh = ǫs = 1. Real
part of the normalized propagation constant k′x/k is shown for
h = 1.05µm (the solid lines), and h = 0.85 µm (the dashed
line). Vertical lines mark frequencies of the phase matched
ordinary fundamental and backward second harmonic waves
for thicknesses h = 1.05µm and h = 0.85µm. The dotted
line shows real part of the normalized propagation constant
for complex wave, existing in the stop band and calculated
for h = 1.05µm.
structures. For the simple case of surface waves propagat-
ing in the slab of CNTs with open ends, whose fields at-
tenuate exponentially from the interface with surround-
ing medium, which is the dielectric with permittivity ǫs
in our case, dispersion k(kx) is given by the equation
56:
(kz/ǫh) tan (kzh) =
(√
k2x − k2ǫs
)
/ǫs, k
2
x > k
2ǫs (13)
which can be solved numerically.
D. Eigenmodes, phase matching and losses
Complex propagation constant kx = k
′
x + ik
′′
x was cal-
culated by numerically solving Eq. (13). Dispersion di-
agram for two lowest modes, calculated for two differ-
ent thicknesses of the CNT layer, is shown in Fig. 3.
Here, reduced wave vector k′x/k = c/vph = nph is a slow-
wave factor (the ratio of speed of light c to the phase
velocity), which represents effective refraction index nph.
Frequencies and dispersion of the allowed propagating
EMW (eigenmodes) are determined by the thickness and
effective parameters of the metaslab and, hence, can be
adjusted. Appearance of the positive dispersion for small
slow-wave factors and stop-light regime can be explained
taking into account that directions of the Poynting vec-
tor in the metaslab and in the upper bounding dielectric
(here, air) are opposite and the total energy flux stops
if overall energy flows in both areas become equal. The
branch of k′x/k which descends down to the stop light
point of the dispersion curve at approximately 27.5 THz
for h = 1.05µm is characterized by a complex constant
corresponding to a huge damping. (Such a branch is
not shown for h = 0.85µm.) Imaginary part, k′′z /k, is
not shown. Waves with complex propagation constants
appear in a stop band if dispersion changes a sign and
exist even in a lossless case (see60, also61, Fig. 6). These
waves do not transfer energy because can be excited only
as pairs of complex conjugate solutions and their fields
can be represented in the form of standing waves with
decaying amplitudes [see61, Eq. (28)].
Phase of NLO polarization oscillation at 2ω1 at a given
point in the metamaterial is determined by its wave vec-
tor 2k(ω1), whereas that of the emitted SH – by the
wave vector k(2ω1). Hence, to achieve phase matching,
the phase velocities of both waves, v1,ph = ω1/k(ω1) and
vSH,ph = 2ω1/k(2ω1) must be equal. Such a possibility
for ordinary fundamental and BWSH waves is shown in
Fig. 3. Here, the vertical lines show frequencies f2 = 2f1
and f1 that correspond to one and the same slow-wave
factors c/vph. For h = 1.05µm, f2= 52.37 THz and
c/vph ≈ 1.5, whereas for h = 0.85µm, f2= 55 THz and
c/vph ≈ 1.27. For h = 1.05µm, the wavelength of the the
wave at f1 in CNTs is about 9µm, which corresponds to
about 12µm in free space. Figure 3 demonstrates that
positions and dispersion of TM modes depend on the
length of CNTs. It proves the possibility to ensure and
to adjust to different frequencies the co-existence of or-
dinary fundamental and BWSH waves with equal phase
velocities and contra-directed energy fluxes.
Optical losses of EMWs are represented by imaginary
part of the propagation constant kx = k
′
x + ik
′′
x . For
carbon nanotubes, magnitude of k′′x is determined by
the relaxation time τ at frequencies below optical tran-
sitions. At low frequencies, including those close to a
few terahertz, τ at room temperature is estimated as
3 × 10−12 s49,50. Fig. 4 shows an attenuation of both
modes in the proximities of frequencies of the phase
matched fundamental and BWSH waves. In our one-
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FIG. 4. Normalized k′′x for the first mode (the blue solid plot)
and for the second mode (the dashed red plot) at h = 1.05 µm.
dimensional case, Eq. 1 reads as vg = ∂ω/∂kx. The group
delay factor ngr = c/vg for both modes is shown in Fig. 5.
It is seen that at c/vph1,2 = 1.5, which corresponds to
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FIG. 5. Group velocity (the group delay factor) versus phase
velocity (the slow-wave factor) for the same modes as in Fig. 3
at h = 1.05µm. The red curve corresponds to the higher-
frequency mode, the blue curve to the lower-frequency mode.
phase matching, ng,1 ≈ 5.5 and ng,2 ≈ 8.9. The group de-
lay factor is related with the density of modes (DOM)62,
which can be defined in our case as ρω = dkx/dω = ng/c.
Note, that carbon nanotubes themselves possess non-
linear properties which can be used for harmonic
generation63–67.
III. BACKWARD-WAVE SECOND HARMONIC
GENERATION IN PULSED REGIME
In this section, SHG will be investigated for the case of
fundamental EMW falling in the positive dispersion fre-
quency domain and its SH in the negative one (Fig. 3).
To achieve phase matching, phase velocities of the fun-
damental and SH waves must be co-directed. This
means that the pulse of SH will propagate against the
pulse of the fundamental radiation. Such extraordi-
nary NLO coupling scheme dictates exotic properties of
the frequency-doubling ultracompact NLO mirror under
consideration68,69. Our goal is to investigate the charac-
teristic magnitudes of the metamaterial nonlinearity and
of the fundamental field intensity that would enable an
appreciable output of BWSHG provided that the phase-
matching is achieved. A simplified model of plane trav-
elling waves will be used for such a purpose.
1. Basic Equations
Electric and magnetic components of the waves
and corresponding nonlinear polarizations at ω1 and
ω2 = 2ω1 are defined as
{E ,H}j = Re {E,H}j exp{i(kjx− ωjt)}, (14)
{P ,M}NLj = Re {P,M}NLj exp{i(k˜jx− ωjt)}, (15)
{P,M}NL1 = χ(2)e,m,1{E,H}2{E,H}∗1, (16)
{P,M}NL2 = χ(2)e,m,2{E,H}21, 2χ(2)e,m,2 = χ(2)e,m,1. (17)
Amplitude E1 of the first harmonic (FH) and of the SH,
E2, are given by the equations:
s2
∂E2
∂x
+
1
v2
∂E2
∂t
=
= −ik2
ǫ2
4πχ
(2)
e,2E
2
1 exp (−i∆kx)−
α2
2
E2, (18)
s1
∂E1
∂x
+
1
v1
∂E1
∂t
=
= −ik1
ǫ1
4πχ
(2)∗
e,1 E
∗
1E2 exp (i∆kx)−
α1
2
E1. (19)
Here, vi > 0 and α1,2 are group velocities and absorption
indices at the corresponding frequencies, ∆k = k2 − 2k1.
Parameter sj = 1 for ordinary, and sj = −1 for back-
ward wave. With account for k2 = n2(ω/c)2, n1 =
s1
√
ǫ1µ1, n2 = s2
√
ǫ2µ2, we introduce effective non-
linear susceptibility χ
(2)
eff = χ
(2)
e,2 = χ
(2)
e,1/2, amplitudes
ej =
√|ǫj |/kjEj and aj = ei/e10, the coupling parame-
ters æ =
√
k1k2/|ǫ1ǫ2|4πχ(2)eff and g = æE10, the loss and
phase mismatch parameters α˜1,2 = a1,2L and ∆k˜ = ∆kl,
the metaslub thickness d = L/l, the position ξ = x/l
and the time instant τ = t/∆τ . It is assumed that
Ej0 = Ej(x = 0), l = v1∆τ is the pump pulse length and
∆τ is duration of the input fundamental pulse. Quanti-
ties |aj |2 are proportional to the time dependent photon
fluxes. Then Eqs. (18) and (19) are written as
s2
∂a2
∂ξ
+
v1
v2
∂a2
∂τ
= −igla21 exp (−i∆k˜ξ)−
α˜2
2d
a2, (20)
s1
∂a1
∂ξ
+
∂a1
∂τ
= −i2g∗la∗1a2 exp (i∆k˜ξ)−
α˜1
2d
a1. (21)
In the case of magnetic nonlinearity, χ
(2)
eff = χ
(2)
m,2, equa-
tions for amplitudes Hj take the form:
s2
∂H2
∂x
+
1
v2
∂H2
∂t
=
= −i k2
µ2
4πχ
(2)
m,2H
2
1 exp (−i∆kx)−
α2
2
H2, (22)
s1
∂H1
∂x
+
1
v1
∂H1
∂t
=
= −i k1
µ1
4πχ
(2)∗
m,1H
∗
1H2 exp (i∆kx)−
α1
2
H1. (23)
Then, equations for amplitudes aj = mi/m10, where
mj =
√|µj |/kjHj , take the form of (20) and (21), with
coupling parameters given by æ =
√
k1k2/|µ1µ2|4πχ(2)eff
7and g = æH10. In both cases, x0 = g
−1 is character-
istic medium length required for significant NLO energy
conversion. Only the most favorable case of exact phase
matching ∆k = 0 will be considered below.
The following values and estimates, which are relevant
to the MM made of nanotubes of height h = 1.05µm
(Figs. 4 and 5), were used at numerical simulations.
For pulse duration of ∆τ = 10 ps, the spectrum band-
width is on the order of ∆f ≈ 1/∆τ = 0.1 THz.
Hence, ∆f/f ∝ 10−2 ÷ 10−3, and phase matching can
be achieved for the whole frequency band. This becomes
impossible at ∆τ = 10 fs because ∆f/f ∝ 10. Phase
matching is achieved at k1 = 2πf1/c = 5.47 × 105 m−1,
k2 = 10.95 × 105 m−1 (Fig. 3). Then one finds
α1 = 2k
′′
1 = 2 × 9.3 × 10−3 × k1 = 1.02 × 104 m−1,
α2 = 2k
′′
2 = 2 × 2.72 × 10−2 × k2 = 5.96 × 104 m−1.
Since losses for the second mode is greater, the charac-
teristic metaslab thickness corresponding to extinction
I/I0 = exp(−α2L) = 0.1 is estimated as α2L = 2.4,
α1L = 0.41, L ≈ 40 µm, which is about 10 wave-
lengths in the medium. The fundamental pulse length is
l = ∆τv1 = ∆τc/ng,1 = 10
−11× 6.06× 107 m = 606 µm,
which is 15 times greater than L. The later indicates that
whereas some transients occur at the pulse forefront and
the tail, the quasistationary process establishes through
almost the whole pulse duration. At ∆τ ≤ 10 ps, which
is still acceptable, the effect of the transient processes
significantly increases.
The input pulse shape was chosen close to a rectangu-
lar form
F (τ) = 0.5
(
tanh
τ0 + 1− τ
δτ
− tanh τ0 − τ
δτ
)
, (24)
where τ = t/∆τ , δτ is duration of the pulse front and tail,
and τ0 is shift of the front relative to t = 0. Magnitudes
δτ = 0.01 and τ0 = 0.5 were selected for numerical sim-
ulations. Coupling parameter gl = l/x0 is proportional
to strength of the input pump field and presents a ra-
tio of the input pulse length and characteristic nonlinear
conversion length.
2. Transparent NIM slab
In order to show unparallel properties of the BW-
SHG in a frequency double domain positive/negative spa-
tially dispersive slab, first, consider a loss-free slab that
supports ordinary EMW at fundamental frequency and
BEMW at SH frequency (s1 = −1, s2 = 1). Unusual
properties of SHG in NIMs in the pulsed regime stem
from the fact that it occurs only inside the traveling pulse
of fundamental radiation. Generation begins on the lead-
ing edge of the pulse, grows towards its trailing edge,
and then exits the pulse with no further changes. Since
the fundamental pulse propagates across the slab, dura-
tion of the contra-propagating SH pulse appears longer
than the fundamental one. Basically, depletion of the
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FIG. 6. Backward-wave SHG in a transparent MM: depen-
dence of shape and energy of output pulses on the metaslab
thickness and group velocity dispersion v12 = |v1/v2|. gl = 5.
a) Input fundamental pulse at x = 0 (the rectangular blue
plot), output contra-propagating pulse of BWSH at x = 0
(the red plot) and output fundamental pulse at x = L (the
lower blue plot) for two different ratios of group velocities at
L/l = 1/15. b) Shape of output pulses of BWSH at L/l = 1.5
for different ratios of group velocities. c) and d) Depletion
of energy of the fundamental pulse along the metaslab and
growth of energy of the BWSH pulse in the opposite direc-
tion for the same parameters as in panels a) and b).
fundamental radiation along the pulse and the conver-
sion efficiency depend on its initial maximum intensity,
phase matching and group velocities of pulses. Ulti-
mately, properties of BWSHG are anticipated to depend
on ratio of the fundamental pulse and the slab lengths.
Such extraordinary behavior is illustrated in Fig. 6. Fig-
ure 6(a) displays rectangular shape of the input funda-
mental pulse T1 = |a1(τ)|2/|a10|2 entering the slab at
x = 0 (the blue rectangular plot). Shapes of the out-
put pulses of BWSH traveling in the opposite, reflection
direction η2(τ) = |a2(τ)|2/|a10|2 and exiting the slab at
x = 0 are depicted by the lower blue and red plots for
the input pulse length l which is 15 times longer than
the metaslab thickness (d = 1/15), and for two different
group velocities. This case is close to continuous-wave
regime. Figure 6(b) also show results of numerical sim-
ulations for shapes of output BWSH pulses for the same
input pulse amplitude corresponding to gl = 5, however,
for the pulse length 1.5 times shorter than the metaslab
thickness (d = 1.5). The plots demonstrate that output
BWSH pulse becomes longer and its shape significantly
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FIG. 7. Ordinary SHG in a transparent material, all other
parameters are the same as in Fig. 6.
differs from the shape of input fundamental pulse. Such a
behavior is due to the fact that non-stationary transient
processes at pulse edges that does not play significant
role in the first case become important in the second case.
Figures 6(c) and (d) depict the pulse energy (quantum)
conversion efficiency η2 = S2/S10 =
∫
dt|a2(x)|2/|a10|2
and depletion of energy of the of the fundamental pulse
S1(x)/S10 along the slab and at the corresponding exits
for the same coupling parameter gl = 5.
Fundamental differences between BWSHG and SHG
in ordinary materials are seen from comparison of Fig. 6
and Fig. 7. In the first case, SH propagate against the
fundamental pulse towards its greater magnitudes. The
gap between the plots is inverse proportional to the con-
version efficiency. It is seen from comparison of plots in
Figs. 6 c and d that energy conversion efficiency grows
with increase of the ratio d (thicker MM slabs) and is
almost independent on the dispersion of the group veloc-
ities for the given range of the select parameters. The
plots satisfy to Manley-Rove (the energy conservation)
law: the difference between the the number of pairs
of photons in FH and the number of photons in SH
(S1/2 − S2) is a constant along the slab, which mag-
nitude decreases with increase of the parameter gl16–18.
Total number of annihilated pair of photons in the FH
(S10 − S1L)/2 is equal to the number of output SH pho-
tons S20. In contrast, for ordinary materials and co-
propagating waves, a sum of the the number of pairs
of photons in FH and the number of photons in SH
(S1/2 + S2) is a constant along the slab. Shape, width
and delay of the output pulses of SH generated in ordi-
nary and BW materials is also differ.
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FIG. 8. BWSHG in a lossy MM: dependence of energy con-
version efficiency on the metaslab thickness and intensity of
the pump pulse. a) and b) gl = 5, c) and d) gl = 15. a) and
c) L/l = 1/15, b) and d) L/l = 1.
3. Lossy NIM slab
Figure 8 presents the results of numerical simulations
for energy conversion efficiency at BWSHG with account
for the above calculated losses and group velocities per-
tinent to the given frequencies and the given MM.
Figures 8 and 9 show that conversion efficiency grows
with increase of the input pulse amplitude. However,
the important unparalleled property is that nonlinear re-
flectivity rapidly saturates with increase of the metaslab
thickness. Such unusual behavior is due to backwardness
of SH which propagates against the fundamental beam
and is predominantly generated in the area where FH is
not yet significantly absorbed. It is seen that quantum
nonlinear reflectivity of frequency doubling meta-mirror
may reach the values of about ten percents at given val-
ues of the parameter gl. The power reflectivity is two
times greater. Such a dependence is in stark contrast
with SHG in ordinary materials as seen from comparison
with Fig. 10. It shows corresponding dependencies in the
case of ordinary material with all other parameters the
same as in Figs. 8. It is seen that, in the latter case, SH
reaches maximum inside the slab which is due to the in-
terplay of nonlinear conversion and absorption processes.
That means the pump strength and the slab thickness
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FIG. 9. BWSHG in a lossy MM: saturation effect in the
dependence of energy conversion efficiency on the metaslab
thickness d.
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FIG. 10. Ordinary SHG, all other parameters are the same
as in Fig. 8.
must be mutually optimized in this case to maximize the
SH output.
IV. CONCLUSIONS
We show the possibility to engineer the metamaterials
that satisfy to a set of requirements of paramount im-
portance for realization of unparallel nonlinear photonic
processes which change photon frequency and propaga-
tion direction. The proposed metamaterials enable a set
of travelling electromagnetic waves i) which frequencies
satisfy to energy conservation low for nonlinear-optical
frequency-conversion processes; ii) some of them are ex-
traordinary backward waves with contra-directed energy
flux and phase velocity, whereas other(s) are ordinary
waves; iii) contra-propagating waves have equal phase ve-
locities, i.e., are phase matched; iv) such properties can
be adjusted to different frequencies. Frequency mixing
of backward and ordinary waves possess fundamentally
different properties compared to they ordinary counter-
parts and have important breakthrough applications in
photonics. Current mainstream in crafting metamate-
rials that ensure backward waves relies on engineering
the nanoscopic LC circuits that provide negative mag-
netic response at optical frequencies. The described in
this paper approach is fundamentally different and bases
on engineering the tailored coexisting negative and posi-
tive dispersion which dictates particular relationship be-
tween the frequencies and wavevectors of electromagnetic
modes.
Such a general possibility is demonstrated through nu-
merical simulations making use a particular example of
the ”carbon nanoforest.” It is the metamaterial made
of carbon nanotubes of particular diameter, height and
spacing standing on metallic surface. We show that the
negative and sign-changing dispersions pertinent to such
metamaterial can be tailored to support phase matched
backward-wave second harmonic generation in the THz
and near IR frequency ranges. Losses introduced by the
metallic properties of carbon nanotubes and by the par-
ticular nano-waveguide modes were investigated and ap-
peared different for the coupled harmonics. Most prac-
tically important, pulsed, regimes of second harmonic
generation in such metamaterials was described with the
simplified model of plane travelling waves. A set of cou-
pled partial differential equations was employed which
accounted for dispersion of group velocities and losses.
Since the generated second harmonic travels in the direc-
tion opposite to the fundamental wave, the investigated
process presents a model of the miniature frequency dou-
bling metareflector/metasensor with unparalleled prop-
erties.
The described approach can be applied to engineering
the metamaterials that employ tailored positive and neg-
ative dispersion to enable extraordinary phase-matched
three-wave mixing of contra-propagating waves and their
optical parametric amplification which will be described
elsewhere.
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